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Abstract—Numerical optimization techniques are applied to
a variety of engineering problems. The objective function eval-
uation is an important part of the numerical optimization and
is usually realized as a black-box simulator. For efficient solv-
ing the numerical optimization problem, new shared-memory
approach is proposed. The algorithm is based on an ACO meta-
heuristics, where indirect coordination between ants drives
the search procedure towards the optimal solution. Indirect
coordination offers a high degree of parallelism and therefore
relatively straightforward shared-memory implementation. For
the communication between processors, the Intel-OpenMP
library is used. It is shown that speed-up strongly depends
on the simulation time. Therefore, algorithm’s performance,
according to simulator’s time complexity, is experimentally
evaluated and discussed.

Keywords-numerical optimization; parallel computing; bio-
inspired method; speed-up; experimental performance evalua-
tion

I. INTRODUCTION

Numerical optimization problems are an important field
of research and have a wide number of applications, from
the mathematical optimization of functions to the real-world
engineering problems. Many engineering problems involve
choosing the best configuration of a set of parameters to
achieve a specified objective. Numerical optimization refers
to the case when these parameters take continuous values,
as opposed to combinatorial optimization, which deals with
discrete values.

In this paper we consider the following numerical mini-
mization problem:

min(f(x⃗)), l⃗ ≤ x⃗ ≤ u⃗,

where x⃗ = (x1, x2, . . . , xn) is the variable vector in IRn,
f(x⃗) denotes the objective function to minimize and l⃗ =
(l1, l2, . . . , ln), u⃗ = (u1, u2, . . . , un) represent, respectively,
the lower and the upper bound of the variables, such that
xi ∈ [li, ui].

Usually, numerical optimization problems are black-box
optimizations (see Figure 1), in which the objective func-
tion’s form as well as its derivatives are unknown. Normally,
this occurs when the objective function is computed using a
complex simulation about which the optimization algorithm

has no information. Executing a black-box simulation in or-
der to evaluate a candidate solution is usually very expensive
and can take up to several minutes or even hours. This is
particularly problematic because optimization algorithms for
black-box problems are necessarily blind search algorithms
that must repeatedly sample points in a solution space,
evaluate them by running the simulation, and apply various
heuristics in order to choose the next points to sample.

Simulation program
as “black-box”

Search method for finding
the best new solution

based on the information about

the objective function
gathered so far.

f x( )

Simulation outputInput parameters

f x( )x

new x

^

SIMULATION PART Simulation time tsim

OPTIMIZATION PART Optimization time topt

Figure 1. The Black-Box Optimization

In the past two decades, many bio-inspired optimization
algorithms have been proposed to solve this kind of opti-
mization problem, e.g., real-parameter genetic algorithm [1],
evolution strategies [2], differential evolution [3], particle
swarm optimization [4], immunological algorithm [5], con-
tinuous ant-colony optimization [6], etc. These algorithms
have been used to solve problems in several research fields
to the facts that do not require previous considerations
regarding the problem to be optimized and offer a high
degree of parallelism.

Although ACO-based optimization has been proven to
be one of the best meta-heuristics in some combinatorial
optimization problems [8], [7], its application to the nu-

2011 IEEE International Parallel & Distributed Processing Symposium

1530-2075/11 $26.00 © 2011 IEEE

DOI 10.1109/IPDPS.2011.176

351

2011 IEEE International Parallel & Distributed Processing Symposium

1530-2075/11 $26.00 © 2011 IEEE

DOI 10.1109/IPDPS.2011.176

347

2011 IEEE International Parallel & Distributed Processing Symposium

1530-2075/11 $26.00 © 2011 IEEE

DOI 10.1109/IPDPS.2011.176

347



merical optimization appears more challenging, since the
pheromone laying method is not straightforward. There are
several possibilities to use ants for numerical optimization.
We can use simplified direct simulation of real ants’ behavior
or we can extend the method to explore continuous spaces.
This extension can be done by suitable discretization of a
search space or by probabilistic sampling.

ACO has a high degree of inherent parallelism [9], [10],
so several parallel [11] and distributed [12], [13] ACO-based
algorithms for a combinatorial optimization were already
proposed.

As far as we know, there are only few attempts of ACO-
based algorithm parallelization for numerical optimization
problems [14], [15]. One of the first distributed-memory im-
plementations was the Distributed Multilevel Ant-Stigmergy
Algorithm [15]. Its main flaw was a limited accuracy of so-
lutions, which originates from the Multilevel Ant-Stigmergy
Algorithm itself. Therefore, we recently implemented the
sequential Differential Ant-Stigmergy Algorithm [16], which
is limited only by the computer’s floating-point arithmetics.

Motivated by possible computation speed-up and im-
proved accuracy, we decided to propose a new shared-
memory version of the Differential Ant-Stigmergy Algo-
rithm.

The remainder of this paper is organized as follows.
Section II presents the Differential Ant-Stigmergy Algorithm
and its shared-memory version. Section III describes an
experimental work, where an algorithm analysis according
to the parallel execution-time is performed. Finally, our
conclusions and some possible paths for future research are
provided in Section IV.

II. THE DIFFERENTIAL ANT-STIGMERGY ALGORITHM

To solve a numerical optimization problem, we created a
fine-grained discrete form of continuous domain. With it we
were able to represent this problem as a graph. This enabled
us to use the ACO-based approach for solving numerical
optimization problems.

A. The Fine-Grained Discrete Form of Continuous Domain

Let x′
i be the current value of the i-th parameter. During

the search for the optimal parameter value, the new value,
xi, is assigned to the i-th parameter as follows:

xi = x′
i + ωδi. (1)

Here, δi is called the parameter difference and is chosen
from the set ∆i = ∆−

i ∪ {0} ∪∆+
i , where

∆−
i = {δ−i,k| δ

−
i,k = −bk+Bli−1, k = 1, 2, . . . , di},

∆+
i = {δ+i,k| δ

+
i,k = bk+Bli−1, k = 1, 2, . . . , di}

and di = Bui − Bli + 1. Therefore, for each parame-
ter xi, the parameter difference, δi, ranges from bBli to
bBui , where b is the discrete base, Bli = ⌊logb(ϵi)⌋ and

Bui = ⌊logb(ui − li)⌋. With the parameter ϵi, the maximum
precision of the parameter xi is set. This precision is limited
by the computer’s floating-point arithmetics. To enable a
more flexible movement over the search space, the random
integer weight ω = Rnd_Integer(1, b − 1) is added to
Eq. 1.

B. Search Graph Construction

From all the sets ∆i, 1 ≤ i ≤ D, where D represents
the number of parameters, a differential graph G = (V,E)
with a set of vertices, V , and a set of edges, E, between
the vertices is constructed. Each vector ∆i is represented
by the set of vertices, Vi = {vi,1, vi,2, . . . , vi,2di+1}, and
V =

∪D
i=1 Vi. Then

∆i = {δ−i,di
, . . . , δ−i,di−j+1, . . . , δ

−
i,1, 0, δ

+
i,1, . . . , δ

+
i,j , . . . , δ

+
i,di
}

corresponds to

Vi = {vi,1, . . . , vi,j , . . . , vi,di+1, . . . , vi,di+1+j , . . . , vi,2di+1},

where vi,j
δ−→ δ−i,di−j+1, vi,di+1

δ−→ 0, vi,di+1+j
δ−→ δ+i,j ,

and j = 1, 2, . . . , di.
Each vertex of the set Vi is connected to all the vertices

that belong to the set Vi+1. Therefore, this is a directed graph
(see Fig. 2), where each path p⃗ from the starting vertex,
v1 ∈ V1, to any of the ending vertices, vD ∈ VD, is of equal
length and can be defined with vi as

p⃗ = (v1, v2, . . . , vi, . . . , vD),

where vi ∈ Vi, 1 ≤ i ≤ D.

Figure 2. The Differential Graph

C. The Algorithm

The pseudocode of the Differential Ant-Stigmergy Algo-
rithm (DASA) in sequential form is formulated in Algo-
rithm 1. The optimization consists of an iterative improve-
ment of the best solution, x⃗ b, by constructing an appropriate
path p⃗. By applying p⃗ to x⃗ b new solutions are produced
(Eq. 1). First a solution x⃗ b is randomly chosen and evaluated
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(see Algorithm 1, lines 1 and 2). Then a search graph is
created and an initial amount of pheromone is deposited on
the search graph.

Algorithm 1 The DASA

1: x⃗ b = Rnd_Solution()
2: y b = f(x⃗ b) {Black-box simulation}
3: G = Graph_Initialization(⃗ϵ)
4: Pheromone_Initialization(G)
5: while not ending condition met do
6: for all m ants do
7: p⃗i = Find_Path(G) {path of the i-th ant}
8: ω = Rnd_Integer(1, b− 1)

9: x⃗i = x⃗ b + ωδ(p⃗)
10: yi = f(x⃗i) {Black-box simulation}
11: end for
12: if yi < y b then
13: x⃗ b = x⃗i

14: y b = yi
15: s = Update_Scales(sglobal, slocal)
16: Pheromone_Redistribution(p⃗i, s)
17: else
18: Update_Scale(sglobal)
19: end if
20: for all vertices in G do
21: Pheromone_Evaporation(ρ)
22: end for
23: end while

To simulate pheromone behavior in nature, we have de-
cided to deposit pheromone on a differential graph according
to the Cauchy probability density function

C(z) =
1

sπ(1 + ( z−l
s )2)

,

where l is the location offset and s = sglobal − slocal is the
scale factor. Here, factor sglobal determines the amount of
exploration and factor slocal enables a temporary exploita-
tion, as will be shown later in the section. For an initial
pheromone distribution, the standard Cauchy distribution
(l = 0, sglobal = 1, and slocal = 0) is used and each of
the parameter vertices are equidistantly arranged between
z = [−4, 4]. With the function Graph_Initialization
(line 3) we create a search graph and with the function
Pheromone_Initialization (line 4) we deposit ini-
tial pheromone on a search graph.

In the first for loop (lines 6–11), there are m ants in a
colony, which simultaneously explore the differential graph
(in sequential manner). An ant begins exploring from a
starting vertex and uses a probability rule to determine which
vertex will be chosen next.

Concretely, ant a in step i moves from a vertex in set
Vi−1 to the vertex vi,j ∈ Vi with a probability given by:

prob(a, vi,j) =
τ(vi,j)∑

1≤k≤2di+1 τ(vi,k)
,

where τ(vi,k) is the amount of pheromone in vertex vi,k.

The ants repeat this action until they reach the ending
vertex. For each ant i, path p⃗i is constructed with function
Find_Path (line 7). With it a new solution x⃗i is con-
structed (lines 8 and 9) and evaluated with a calculation of
objective function f(x⃗i) (line 10).

All solutions yi are compared to the currently best solution
y b (line 12). If a solution is found that is better than the
currently best solution, then information x⃗i and y⃗i regarding
this solution is replaced as the current best one (lines 13
and 14). In this case, sglobal is increased according to the
algorithm parameter called global scale-increasing factor,
s+:

sglobal ← (1 + s+)sglobal.

The value of slocal is set to

slocal =
1

2
sglobal.

This is implemented with function Update_Scales
(line 15). The pheromone amount is redistributed
according to the associated path p⃗i with function
Pheromone_Redistribution (line 16). If no better
solution is found, sglobal is decreased according to the
algorithm parameter called global scale-decreasing factor,
s−:

sglobal ← (1− s−)sglobal.

These changes are implemented with the function
Update_Scale (line 18).

The second for loop (lines 20–22) takes care of
pheromone evaporation, where we need to simulate evapo-
ration on all vertices in the graph G. Pheromone evaporation
is defined according to the predetermined percentage ρ.
The Cauchy probability density function is changed in the
following way:

l← (1− ρ)l

and
slocal ← (1− ρ)slocal..

These changes are implemented with function
Pheromone_Evaporation (line 21). Here we must
emphasize that ρ > s−, because otherwise we might
obtain a negative scale factor. The whole procedure is then
repeated until some termination condition is met (while
loop, lines 5–23).

D. The Shared-Memory Implementation

The pseudocode of the Shared-Memory DASA (PDASA)
is presented in Algorithm 2. Due to the stochastic nature
of the algorithm we are forced to use a function that
returns random numbers. If we would decide to use already
implemented functions found in the programming language,
we would run into the problem of sharing one global
variable, seed, among all the threads, which is very time
consuming. For this reason, we prepared an array of seeds
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for all the threads numOfThreads, by calling function
Initialize_Rnd_Seed(numOfThreads) (line 5). We
also implemented a simple random function, which can use
values from this array as a seed to calculate new random
numbers. In this way, we have eliminated the problem of
sharing the global seed variable. All this is done in sequential
form. Before we start with the while loop, we initialize all
the threads (line 6). These threads will be used inside the
loop to parallelize the main two for loops.

Algorithm 2 The PDASA

1: x⃗ b = Rnd_Solution()
2: y b = f(x⃗ b) {Black-box simulation}
3: G = Graph_Initialization(⃗ϵ)
4: Pheromone_Initialization(G)
5: Initialize_Rnd_Seed(numOfThreads)
6: #pragma omp parallel {Creation of threads}
7: while not ending condition met do
8: #pragma omp for schedule (static)
9: for all m ants do

10: p⃗i = Find_Path(G) {path of the i-th ant}
11: ω = Rnd_Integer(1, b− 1)

12: x⃗i = x⃗ b + ωδ(p⃗)
13: yi = f(x⃗i) {Black-box simulation}
14: end for
15: #pragma omp single
16: if yi < y b then
17: x⃗ b = x⃗i

18: y b = yi
19: s = Update_Scales(sglobal, slocal)
20: Pheromone_Redistribution(p⃗i, s)
21: else
22: Update_Scale(sglobal)
23: end if
24: #pragma omp for schedule (static)
25: for all vertices in G do
26: Pheromone_Evaporation(ρ)
27: end for
28: end while

In the first for loop (lines 9–14), there are m ants in a
colony, where numOfThreads of ants begin concurrently
from the starting vertex in each own thread. With the
command at line 15 we force the algorithm to run lines 16–
23 in one thread, because it turned out to be the quickest
and simplest way. The second for loop (lines 25–27), that
takes care of pheromone evaporation, is also parallelized.

These are all the changes that were needed to be made
in order the sequential algorithm can run under the shared-
memory paradigm.

III. EXPERIMENTAL WORK

A. Environment

The computer platform used to perform the PDASA ex-
periments was a dual processor motherboard with Intel Xeon
DP E5345 2.33 GHz quad-core CPU and 16 GB of RAM,
and the CentOS (Red Hat) 64-bit Linux operating system.

The code of PDASA was written in C language. The Intel
OpenMP 3.0 [17] was used for inter-thread communication.

The PDASA includes six parameters. The settings were
the following: the number of ants m = 32, the maximum
parameter precision ε = 10−15, the discrete base b = 10,
the pheromone dispersion factor ρ = 0.2, the global scale-
increasing factor s+ = 0.01, and the global scale-decreasing
factor s− = 0.02.

For testing purposes we have measured the execution time

texe = topt + tsim,

where topt is time of optimization and tsim is time of black-
box simulation. To simulate different degrees of simulation
complexities, we have used a objective function which is run
as black-box simulation. Its complexity is denoted by factor
k. At k = 1 a single black-box simulation takes tsim1 =
0.85 µs for the PDASA.

B. Results

All results presented in this section are averages of 20
runs. We have compared execution time, relative speed-up,
and processors utilization for different k values. Then the
simulator’s time for one simulation is

tsimk
= k tsim1

and
tsim = tsimk

× # black-box calculations.

The relative speed-up, Sr(n) is defined as

Sr(n) =
texe(1)

texe(n)
,

where texe(1) is time to solve a problem with the parallel
code with one processors and texe(n) is a time to solve
the same problem with the parallel code on n processors.
Remark: Our primary goal is verification of proposed algo-
rithms’ scalability. Since the difference between the DASA
and the PDASA code is very small, which resulted in almost
equal execution times (i.e., tseq ≈ texe(1)), we decided to use
only relative speed-up.

The efficiency E(n) is defined as

E(n) =
Sr(n)

n
.

Table I shows performances of the PDASA when 1, 2,
and 4 processors were used.

Here we can see that the efficiency is well over 50% on
all instances. This shows that the PDASA is also applicable
to very computationally simple black-box simulations.

Figures 3, 4, and 5 show average execution time, average
relative speed-up, and average efficiency, respectively, over
20 runs for different number of processors when 500.000
black-box calculations were executed.
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Figure 3. Average Execution Time

1

2

3

4

1 2 4

Speed-up

Number of processors

k=1 k=10 k=25 k=50

k=100 k=250 k=500 k=1000
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Table I
THE PDASA AVERAGE EXECUTION TIME IN SECONDS, AVERAGE
RELATIVE SPEED-UP, AND AVERAGE PROCESSORS EFFICIENCY IN

PERCENTAGES ACCORDING TO DIFFERENT NUMBER OF PROCESSORS
AND FACTOR OF BLACK-BOX SIMULATION COMPLEXITY

n k texe [s] Sr(n) E(n) [%]
1 1 5.447 1.00 100.0
1 10 9.306 1.00 100.0
1 25 15.728 1.00 100.0
1 50 26.368 1.00 100.0
1 100 47.787 1.00 100.0
1 250 111.789 1.00 100.0
1 500 218.200 1.00 100.0
1 1000 431.827 1.00 100.0
2 1 3.006 1.81 90.5
2 10 4.960 1.88 94.0
2 25 8.133 1.93 96.5
2 50 13.505 1.95 97.5
2 100 24.157 1.98 99.0
2 250 56.197 1.99 99.5
2 500 109.527 1.99 99.5
2 1000 215.873 2.00 100.0
4 1 2.462 2.21 55.2
4 10 3.388 2.75 68.7
4 25 4.955 3.17 79.2
4 50 7.673 3.44 86.0
4 100 12.974 3.69 92.2
4 250 29.023 3.85 96.2
4 500 55.764 3.91 97.7
4 1000 108.859 3.97 99.2

IV. CONCLUSIONS

In this paper we have presented a shared-memory im-
plementation of the Differential Ant-Stigmergy Algorithm
(DASA) that is applied to the numerical optimization prob-
lems. The usefulness and efficiency of the algorithm, in its
sequential form, to solve optimization problems has already
been shown in previous work [18], [19]. Our aim was to
decrease the execution time of the sequential algorithm.

We have shown the main issues that had to be addressed
during the parallelization process. The results have shown
that it was possible to implement efficient shared-memory
version of the DASA. For the shared-memory version we
used OpenMP, which is a portable, parallel application
programming interface (API) for shared-memory multipro-
cessors. With it we were able to sufficiently speed-up even
the simplest (computationally non-demanding) black-box
simulations.

From the experimental results we can conclude that speed-
up strongly depends on simulation time. We were able
to achieve efficiency over 50% for the shared-memory
algorithm even for very fast simulations, i.e., when the
simulation time was less than 50 µs.

For future work, we plan to run scalability test on higher
number of tightly-coupled processors, since processors with
more than four cores are on its way.
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